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Abstract. In this paper we intro duce the notion of net-slice to describe
a subnet of a marked Petri net  that approximates 's behaviour in
respect to a set of places P. We show that a slice built for the set of
atomic propositions of enablesfalsi cation of with  being an LTL
formula or verication of  with being an LTL -x formula, which is
an LTL formula built without using the next-time operator. We rst
discussthe slicing approach on a basic Petri net slicing algorithm. This
algorithm is rened to slice more aggressiely. The re ned algorithm
generatesslicesthat can be smaller than the original net evenif s
strongly connected.

1 Intro duction

Slicing is a technique to syntactically reduce a model in such a way that at
best the reduced model contains only those parts that may in uence the prop-
erty the model is analysedfor. Slicing has originally beendeveloped for software
analysis[1] to minimise the program sizeby \slicing away" bits of the program
that are not relevant for the current analysis. It has successfullybeen applied
to support software developersin tasks like program understanding, debugging,
di erencing, integration, maintenanceand testing [2]. Since Mark Weiserin his
original publication [1] introducedthe rst program slicing algorithm, the con-
cept of program slicing has beenapplied to formalisms other than programming
languagessud as attribute grammars[3], hierarchical state machines[4] and Z-
and CSP-OZ-Speci cations [5{7]. In [8] Chang and Wang present an algorithm
on Petri nets, that slicesout all setsof paths, called concurrency sets, such that
all paths within the sameset should be executedconcurrertly.

In this paper we de ne Petri net sliceswhich enableveri cation of an LTL -
formula or falsi cation of an LTL formula.

In Sect. 2 we introduce a basic slicing algorithm to discussgeneral aspects
of our slicing approach. In Sect. 3 we re ne the basic algorithm to construct
the r-slice (=r e ned-slice) of a marked net  for a set of placesP. An example
illustrates the scope of our slicing technique in Sect.4. In Sect.5 we give a short
overview of related work before drawing the conclusionsin Sect. 6.
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2 Petri Net Slicing

In this paper we consider nite Place/T ransition netswith arc weights. A marked
net isdened as(N;Myp) = (S;T;W;My), i.e. is aunmarked net N plus
initial marking Mo 2 IN'SJ. N consistsof a nite set of placesS, a nite set of
transitions T and a functon W : (S T)[ (T S)! IN. M[tiM ° denotesthat
ring transition t on marking M generatesthe marking M °. If we want to stress
the net we also use the notation M[ti M Fory 2 S[ T we denote the set
fx2 S[ TjW(x;y) > 0gas y and analogueslyasy the setfx 2 S[ T j
W (y;x) > 0g. A slice approximates the behaviour of its original net in respect
to a set of placesP, which is called slicing criterion.

2.1 Basic Slicing Algorithm

The following algorithm constructs the b-slice (=basic slice) of a marked Petri
net = (S;T;W;My) for a set of placesP  S. The key idea is to capture
a possibletoken ow relevant for placesin P. The token ow of a place s is
determined by its pre- and post-transitions. Whether a transition can re de-
pends on the token count of its input placesbut not of its output places.So
b-slice( ;P) = (S%TAW%M)Q) is de ned asthe subnetof that includes all
input places of all transitions connectedto any place s in S° starting with
P SO

De nition 1. b-slice, slicing criterion

Let = (S;T;W;Myp) be a marked Petri net and P S a non-empty set of
places, which is called slicing criterion. The following algorithm constructs the
net-slice b-slice( ;P).

generateBSlic¢ , P)f
TO:=;
St=P
Sdone = ;
forall s2 SN Syone f
forall t2 ( s[ s) f
T0:= TO[ ftg
S0:= SO t
g
Sdone = Sdone [ fSO
g
WO:: WjTO[ S0
MO := Mojso
return (SSTAW%MQ)
g

Figure 1 illustrates the e ect of the above algorithm. It shows the marked net
1 and its b-slice for the slicing criterion f s4g.
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2.2 Verication and Falsication

By analysingthe slicewe want to derive whether or not an LTL formula holds for
.If\' models " implies\ 's slice models ", we can falsify that  models
by analysing 's slice. Veri cation meansthat if the property holds for the

slice, it alsoholds for the original system. Sofor veri cation by a net-slice °we

have to show that given all admissible ring sequencef © satisfy a formula
, it follows that all admissible ring sequencesof  satisfy . Analoguesly
for falsi cation we have to show that given all admissible ring sequence®f
satisfy , it follows that all admissible ring sequencef ©satisfy
As we will show in the sequel,we have to make two restrictions to allow

veri cation by a slice: one on the formulas and one on the set of admissible
ring sequencesn terms of fairnessassumptions: has more behaviour, which
is intrinsic to slicing, aswe intentionally do not to capture all behaviour. Fairness
assumptionshelp to restrict the non-captured behaviour, sothat veri cation of
formulas without next-time operator becomespossible.

Slice-fairness Sincea slice °is de ned to approximate a certain behaviour
of , we have to de ne what the behaviour of a net is. If we consider un-
der interleavings semariics, the set of admissible ring sequencesonsistsof all
maximal ring sequence®f . As maximal ring sequencesve considerin nite
and nite ring sequences:

De nition 2. maximal ring sequene
A ring sequene of a marked Petri net = (S;T;W;Myg) is maximal i
either is of innite lengthor :9t2 T : Mo[ ti.



In the following, j j 2 (IN[ flg ) denotesthe number of transitions of a ring
sequence .

Denition 3. F
Let bea marked Petri netand an LTL formula.
F 1 everymaximal ring sequen® of maodels

Consider the Petri net ; and its b-slice( 1;fs4g), ¢, in Fig. 1. The formula

= 3 s4 holds for the net-slice f, but does not hold for the original net 3
due to the maximal ring sequencetlt2t1t2::. For veri cation we needthe
assertion that transitions of the slice may not be deferred inde nitely because
transitions in T n T preempt them, ast1 and t2 do in the example above. This
leadsto the notion of slice-fairness:

De nition 4. permanently enablel
Let = (S;T;W;My) be a marked Petri net. Let = tjty::: beaninnite ring
squene of  with Mi[ti+1 iIMj+;8i; 0 1.

permanently enablest 2 T i 9i; 0 i:8j; i j:Mj[ti.

De nition 5. slice-fairness with respct to  ©
Let = (S;T;W;Mj) be a marked Petri net. Let %= (S%TAWO%MQ) ke its
net-slice for a slicing criterion P S. Let = t;tytz::: be a ring seuene of
and M; the marking with Mi[ti+1 iMj+1;8i; 0 i<] j.
is slice-fair w.r.t.  0i

{ either is nite and M; ; does not enablea transition t 2 TO
{ or isinnite, and, if it permanently enablessomet 2 TC it then res
in nitely often sometransition of T° (which may or may not be the sameas

t).

Slice-fairnessis a very weak fairness notion. Whereasweak fairness determines
that every transition t of a systemhasto be red in nitely often, if permanertly

enabled, slice-fairnessconcernsonly the transitions of the slice, not of the ertire

net, and, if a transition t of the sliceis permanertly enabled,sometransitions of
the slice are required to re in nitely often but not necessarilyt. Slice-fairness
with respectto a b-slice is weaker than weak fairness:

Prop osition 6. Let = (S;T;W;Mjg) be a marked Petri net. LetP S bea
slicing criterion. Let %= (S%TAW%MJ) be b-slice( ;P). Let be a weakly
fair ring seguene of

is slice-fair with resgct to  °
Proof. Let beaweaklyfair ring sequenceof . Let usassume, isnot slice-
fair. In case is nite, this meansthat M; |[ti for a transition t 2 T In case
is in nite, there is a permanertly enabledtransition t 2 TCbut all transitions of
TOare red nitely often including t. So both casescortradict the assumption
that is weakly fair.



Consider ;'s ring sequencet4t5, which is slice-fair. t4t5 is not weakly fair,
sincetl is permanertly enabledbut never red. Soslice-fairnesswith respect to
a b-slice is strictly weaker than weak fairness.

Denition 7. [E slice-fairly
Let bea marked Petri netand an LTL formula.

F  slice-fairly i everyslice-fair (not necessarily maximal) ring sequen@
of  models

As we will show in the sequel, veri cation is not possible under interleavings
semartics, but if we assumeslice-fairness.

LTL and LTL -4 Using the next-time operator it is possibleto specify a con-
dition to be true at a certain point in the net ewlution as a position within
a sequenceof markings. Since slicing aims at building a reduced model, which
should not re ect every state changeof the original system, formulas specifying
an exact point, counting the number of intermediate states, are not adequate.
For an example considerthe Petri net ; and its b-slice for fsdg in Fig. 1. Fir-
ing transition t1 or t6 has no in uence on the token count of s4 and thus the
slice does not capture these state changes.By only examining the slice it is not
possibleto say at which position a transition of the slice may be red within a
ring sequenceof the original net. A ring sequenceof 1, that res t4, may re
t1 (or t6) beforeor after ring t4 or not at all. Hencefor veri cation we consider
LTL - formulas, which are formulas built over the set of atomic propositions by
:, ™ and U. Lamport obsenedin [10] that every stutter-in variant property can
be expressedasan LTL -, formula, which was provenby Peledand Wilk e in [11].
That meansan LTL -, formula cannot distinguish sequence®f markings, which
are the sameup to replacing every occurrenceof a nite sequenceMiM;::: by a
single occurrenceof M;.

While examining the net-slice doesnot allow to say when a transition of the
original net may be red, it is possibleto say when a transition of a net-slice
res by studying the original net, asthe following results show.

2.3 Results for b-slice

We start this section with simple obsenations on the token count and enabling
relation for b-slice( ;P) and

As we have already seenin Sect. 2.2 the token count of placesof the sliceis
determinedby rings of transitions of the sliceonly. To formalisethis obsenation
we de ne the function slice:

De nition 8. slicei:n o)
Let N = (S;T;W) and N%= (S%T%W9 be two Petri nets with T° T and
S® S. We de ne the function



slicenng 2 (T [ TH) 1 (TO[ TO) [ NSt INIST)
suchthat a nite or innite sequene of transitions is mapped onto the tran-
sition sequene © with © being derived from by omitting every transition
t 2 TnT% A marking M of N is mapped onto the marking M © of N© with
MO= Mjso.

In the following the function slice is usedto project markings and ring
sequence®f a net  onto markings and ring sequencef its slices. We omit
the indices referring to the nets and simply denote the function as slice, if this
doesnot causeambiguities.

The obsenation that transitions that are not part of the slice do not change
the token count of placesin the slice can now be formally expressedas follows:

Lemma 9. Let

criterion. Let ©

markings of
M1[tiM, ) slice(M1) = slice(M3), 862 TnTP

(S;T;W;My) be a marked Petri netand P S a slicing
(SATeCWOMY) be its b-slice( ;P). Let My and M, be

Proof. A transition t is included in the slicei t2 s[ s for a places 2 S°
Thus a transition t 2 T nT° does neither have input nor output placess 2 S°
and hencecannot changethe token count on any places 2 S°.

A transition of the slice is enabledin a marking M of if and only if the
token count on placesin  Cis su cien t:

Lemma 10. Let = (S;T;W;My) be a marked Petri netand P S a slicing
criterion. Let %= (S%TCWOMJ) beits b-slice( ;P). Let M be a marking of
and M 9 be a marking of  °with slice(M) = M,
MI[ti , MYJti o, 82 TC

Proof. Sincea transition t 2 T%hasthe sameinput placesin and °by Def.
1, M%= Mjso implies M [ti i M Yti.

Firing Sequences Now we examine the relation of ring sequencesof the
b-slice and : Doesa ring sequenceof have a corresponding ring sequence
of b-slice and vice versa?

The next proposition states that every ring sequenceof the slice is also a
ring sequenceof the original net. The ring sequencegenerateson the original
net and its slice the sametoken count on all placesof the slice.

Prop osition 11. Let = (S;T;W;Mj) be a marked Petri net. LetP Shea
slicing criterion. Let °= (S%T2W%MQ) be b-slice( ;P) andlet °kea ring
sequene of %and M ° be a marking of ©.

MJ GMO) 9M 2 IN'ST: Mo[ M and slice(M) = M©.



Proof. The proof is by induction on the length | of ©.

| = 0: The empty ring sequencegeneratesthe markings M § and M, on
and , respectively. By Def. 1, MJ = Mojso = slice(Mo).

Il 1+ 1 Let %°bea ring sequenceof length | with MJ 4M P By the
induction hypothesis,Mo[ %M, with slice(M,) = M holds. Let t;.; be a tran-
sition in T such that %41 isa ring sequenceof ° Let M2, bethe marking
with M Jtj+1 iM%, . By Lemma 10, M, enablest,,; . Let M1 be the marking
of  with M[t;+1iM4+1 . According to the state equation the markings M .1
and M S, are determined by My41 (i) = M(i) + G1+1:8si 2 S, and MG, (i) =
M i) + 0, ;8si 2 SC respectively. Sinceall transitions t with t 2 s[ s are
included in the slice and W° = Wjso 1o, 8t; 2 T%:8s; 2 S%: ¢ = ¢ holds.
With slice(M|) = Mijso = M2, it follows that slice(M+1) = M, .

0

The projection of any of 's ring sequence®snto TCis alsoa ring sequence
of 9 The generatedtoken court is samein both nets for all placess 2 S°.

Prop osition 12. Let = (S;T;W;My) be a marked Petri net. Let be a
ring seguen® and M be a marking of . LetP S be a slicing criterion and
0= (SCTEWCEMQ) beits b-slice( ;P).
Mo[ iM ) M Jslice( )islice(M).

Proof. The proof is by induction on the length | of

| = 0: The empty ring sequencegeneratesthe markings M § and M, on
and , respectively. By Def. 1, M= Mojso = slice(Mo).

[t I+ 1 Let bea ring sequenceof length |. Let M, be a marking
such that My[ iM,. Let tj41 be a transition in T and M,; be a marking of

such that M[tj4+1 1M1 . By the induction hypothesis M J[slice( )iM? and

slice(M|) = MQ. Let us assumethat t;+; is in T% The marking M, enables
t+1. Thus by Lemma 10, M2 enablest.; . Let M2,; be the marking with
M2[ti+1iM2,; . The markings M.; and M?,; are determined as M. (i) =
Mi(i)+ Gi1+1;8si 2 Sand M2,; (i) = M2(i) + ¢ 141 ;8si 2 SP respectively. With
M2 = slice(M|) = Mjso, it follows that slice(M+1) = M2,, . In casetj,; is
in TnTY slice( ) = slice( t+1) and thus M {[slice( tj+1)iM2. By Lemma 9, it
follows that slice(M,) = slice(M+1). t

0

Maximalit y and Slice-F airness Whereasthe previous sectiondealt with gen-
eral ring sequencesjn this section we are interested in slice-fair or maximal
ring sequences.

Prop osition 13. Let = (S;T;W;Mg) be a marked Petri netandletP S
be a slicing criterion. Let 9= (S%T2W%MQ) be b-slice( ;P). Let ke a
maximal ring seguene of °

Ois a slice-fair ring segquene of

Proof. Let %= tjty:::. Let M2 be the marking of © such that MJti+1 iM &, ,
8i; 0 i< j Y. By Proposition 11, %isa ring sequenceof .Let M; be the
marking of , such that M;[ti+1 iM+1;8i; 0 i<j 9.Incase %is nite, MjoOj



does not enable any transitions t°2 T2 By Lemma 10, M; o doesnot enable
any transitions t°2 TOeither. If %is innite it obviously res in nitely often a
transition t°2 T%and thus is slice-fair. i

The projection of any slice-fair ring sequenceof onto the transitions of
the sliceis a maximal ring sequenceof the slice.

Prop osition 14. Let = (S;T;W;Mg) be a marked Petri net. Let © =
(SAToWOeMQ) beb-slice( ;P)with P S.Let beaslice-fair ring seguene
of

slice( ) is a maximal ring seguene of °

Proof. Let be equal titots::: with Mifti+1 1M+ ;8i;0 i < | j. By Propo-
sition 12, slice( ) is a ring sequenceof . Let slice( ) be °©= t9t3t3::: with
MItS,iM0, ;80 i< j 9. Let usassume °is not maximal. Sincewe us
assumethat %is not maximal, Cis nite. Let ; bethe smallestpre x of sud
that slice( 1) equals ° By Proposition 11, slice(M; ,;) = M. By Lemma 10,
M2 [t% implies that M; ,;[t% and by Lemma 9, t° stays enabled for all mark-
ings M with j 1j j j j. But sinceno transitions of T?are red, this is a
contradiction to the assumptionthat is slice-fair.

Any maximal ring sequenceof © can be extended to a maximal ring
sequenceof by ring transitions in T nT%only.

Prop osition 15. Let = (S;T;W;Mg) be a marked Petri net. Let © =
(SATEAWCEM Q) be b-slice( ;P) for a slicing criterion P S. Let ©be a max-
imal ring sequen@ of ©,

There is a maximal ring seuen@ of suchthat starts with © and
slice( )= ©

Proof. Let °beamaximal ring sequencef °© By Proposition11, %isa ring

sequenceof . If Cis of innite length, it is alsoa maximal ring sequenceof
. Assumethat Yis nite. Let %be atransition sequencesuch that = 0 90

is a maximal ring sequenceof . By Proposition 12, slice( ) = Slice( %

is a ring sequenceof C As ©is maximal, it follows that slice( % = ", i.e.
02 (TnTY [ (TnTY").

Verication and Falsication by b-slice For verication and falsi cation
we build the slice for the set of atomic propositions of

De nition  16. scop€ )
Let A be the set of atomic propositions. Let ; 1; 2 be LTL formulas. The
function scopeassaiateswith everyLTL formula the setof atomic propositions
usd in

scopda) = fag for a2 A

scopé ) = scopd ) with 2f ;Xg

scopé 1 2) = scopd 1) [ scopd ,) with 2 f*;Ug



Firing the transitions of a ring sequence step by step generatesa sequence
of markings, which we denoteasM ( ).

De nition  17. marking sequen@ of , M ( )
Let = (S;T;W;My) beamarked Petri netand = t;tots::: bea ring sequene
of . Let M; bethe marking with M;[ti+1iM+1;8i;0 i<jj.

M () = MoM1My:: is the marking sequene of

Prop osition 18. Let = (S;T;W;Mg) be a marked Petri net and let be an
LTL-, formula suchthat scopd ) S. Let O be either b-slice( ;scopd )).
Let bea ring seuene of . Then,

M(C)F ., M(slice( )) F

Proof. We show Proposition 18 by induction on the structure of . Let ©=
(SEToAWCeMY). Let  be equal titots:: and slice( ) be = t9t9t9::. Let
M()=MeMMz:andM ( )= MMM,

= true: In this casenothing needsto be shcwn

= = 1™ 5. Sincethe satis abilit y of dependson the initial
markmg of scope( ) only and scopé ) S° S, both directions hold.

= 31U 2 WeassumeM ( )  1U 2. We candivide up sud that

= 1 2with Mj jMj juuiF 2and8i; 0 i <jij: MiMisiii Fog.

There are transition sequences ? and 9 such that °= ¢ 9 slice( 1) = 9,
slice( 2) = 9. By Proposition 11 it follows that Mjogj = slice(M; ,). Since
Mj iMj i B2, MP MO it F o2 by the induction hypothesis. Let
98 be a prex of { suc that j% < j 1j. Let %be the pre x of ; suc that
slice(% = 9. Since %8 truncates at least one transition t 2 TC j% < j 1j. Since
MjgMijosr i F 1, MM S, i F 1 by the induction hypothesis.

We now assumeM ( 9 F iU ,. Wecandivide up °suchthat °= 9 9
with Mjongjogjﬂ::: F 2and8i;0 i<j9%:MMS mF 1. Thereare
transition sequences; and , sudhthat = 1 ,,slice( 1) = 9, slice( )= 2
and ; doesnot end with a transition t 2 T nTC By Proposition 11 it follows
that M2y = slice(M; ,j). SinceMoMPo i F 2, My jjMj it F o2
by the induction hypothesis. Let %be a pre x of 3 sud that j% < j ;j. Let
98 be slice(%. The ring sequenceY%truncates at least one transition t 2 T¢,
consequetly jo4 < j 3j. SinceM{3aMOa. i 1, MjggMjoger i F 1 by the
induction hypothesis. t

The following theorem states that it is sucient to examine whether 's
b-slice( ;scopd )) models a formula by interleavings semarics, if we can
assumeslice-fairnessfor

Theorem 19. Let = (S;T;W;My) be a marked Petri net. Let bean LTL
formula suchthat scopg ) S.

F  slice-fair ) b-slice( ;scopd )) g , for an LTL formula , and

F  slice-fair ( b-slice( ;scop€ )) g , for an LTL -, formula



Proof. Let be (N;Mp) = (S;T;W;My). Let b-slice( ;scopd )) be 0=
(SETOAWCeMD).
First we shov, \ [  slice-fair) OF " Let usassumethat models
slice-fair. Let °be a maximal ring sequenceof © By Proposition 13, is
a slice-fair ring sequenceof . Since models slice-fair, M (9 satis es
By Proposition 18, M o 9 F
We shov \ | slice-fair ( °F " For =true; =: ; = 1"
2™ = 41U ,, letusassume °models .Let bea slice-fair ring sequence
of . By Proposition 14, slice( ) is a maximal ring sequenceof ©and thus
satises . By Proposition 18, it thus followsthat satis es
Assume 06 X . Thusthere is a maximal ring sequence °= t9tJt3::: of
Owith M () = MogM1My::and MiM5:: 6 . Cisa ring sequenceof by
Proposition 12. According to Proposition 13 there is a slice-fair ring sequence
of (N;M;) with slice( ) = t9t3:::. By Proposition 18 follows, that (N; M) 6j ,
thus 6§ X . b

If we cannot assumeslice-fairnessfor , falsi cation by b-slice( ;scopé€ ))
is still possible.

Theorem 20. Let = (S;T;W;My) be a marked Petri net. Let bean LTL
formula suchthat scopg ) S. Then it holds:

F ) b-slice( ;scopd ))F

Proof. Let be (N;Mg) = (S;T;W;My) and let b sllce( ;scopé )) be 0=
(NEMO) = (SETOCWOEMD). For = true; = : = 4N LN = U o,
let us assume,that j= . Let %bea maX|maI ring sequenceof © and
M(9= MMM By Proposmon 15, it follows that there is a maximal
ring sequence W|th slice( ) equals % SinceM()F ., M(9F by
Proposition 18.
Assume 06 X . Thusthere is a maximal ring sequence °= t9tJt3::: of
Swith M ( 9 =M OM M9 and MOM2:: 6 . According to Proposition 15
there is a ring sequence of (N;M ) that starts with t3t3:::t0 o and slice( ) =
t9t3::1tj . By Proposition 18, it followsthat M ( ) 6 X . t

The b-slice( ;P) will only be smaller than its original net , if there is
a bottom subnet N%°= (S®T%OW (8s 2 S%: (s) S% of that does
not contain a place p 2 P. b-slice( ;P) will hencebe equal for a strongly
connectedPetri net . The slicing algorithm presened in this sectionis very
basic. It constructs the b-slice by examining the graph structure for whether a
token on a relevant place may be generated.But the algorithm does not take
into accoun, for instance, whether transitions may ever be red or whether the
transitions may actually generatenew tokens. Sothe transition t3 of 3 in Fig.
1, which hasno in uence on the tokencourt on s4, is included in the slice.In the
next sectionare ned slicing algorithm will be intro duced, which usestransitions
like t3 to slice more aggressiely and hencemay reducestrongly connectednets.



3 Rened Slicing Algorithm

Key idea for the construction of the re ned algorithm is to distinguish between
reading and non-reading transitions. A reading transition with respect to R
cannot changethe token count of any placein R:

De nition  21. reading transition, non-reading transition
Let N = (S;T;W) be a Petri net. Let R be a subsetof S. Lett be a transition
of N.

t is a reading transition of R i 852 R : W(s;t) = W(t;s) » 9s2 R :
W (s;t) = W(t; s). t is a non-reading transition i 9s2 R : W(s;t) 8§ W(t; s).

In the sequelwe are only interested in reading and non-reading transitions of
the set of placesof a given slice.

Again the slice " = (S%T%W%MJ) of for a slicing criterion P is con-
structed by taking into the slice transitions connectedto a place s 2 S° and
their input places,starting with S°= P. But for the construction of ' reading
transitions and their input placesare not included in the slice.

De nition  22. r-slice
Let = (S;T;W;My) be a marked Petri netand P S a slicing criterion. The
following algorithm constructs the net-slice r -slice( ;P).

generateRSlicé , P, mode)f
TO:=;
St=pP
Sdone = ;
forall s2 S°nSyone f
forall t2 ( s[ s) f
if (W(s;t) 8 W(t;s)) f
SO

= SO t
TO:= TO[ ftg
g

g

Sdone := Sdone [ TS0
g
WOZ= WjTO[ S0
|\/|822 M ojseo

return (SST2W%MQ)
Figure 2 illustrates the construction of the r-slice.

3.1 Firing Sequences of r-slice

In this sectionwe concertrate on a single ring sequenceand its corresponding
transition sequence ©, i.e. the ring sequencederived from by omitting all
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transitions that are not in . We examine the three aspects: given a ring
sequence 2T [ T' on ,is %a ring sequenceon ';givena ring sequence

02T [ T® on ', doesa corresponding ring sequenceon  exist, and does
the LTL satis abilit y changeif we consider Cinstead of or vice versa?

Lemma 23. Let = (S;T;W;My) beamarked netandlet " ber-slice( ;P)
for P S,

The coe cients ¢; of the incidence matrix equal zer for all placess; 2 S0
and transitions t; 2 T nTC

Proof. Let ' ber-slice( ;P). A transition t 2 T is elemert of T® T, if it
may changethe token court of a places 2 S° Thus a transition t 2 T nTCeither
is not connectedto a places 2 S°or cannot changeits token court. ti

Lemma 24. Let = (S;T;W;Mg) be a marked Petri net. Let P Shea
slicing criterion. Let ' beits r-slice( ;P). Let M be a marking of and M ?©°
be a marking of " with M %= slice(M).

MIti, MYti, 82 TC

Proof. Let "= (S%T%W%MY). Sincea transition t 2 T° hasthe sameinput
placesin and ' by Def. 22, M%= Mjso implies M [ti i Mti.

Every ring sequence of projected onto the transitions of TCis also a
ring sequenceof the net-slice '. The resulting markings M and M © assignthe
samenumber of tokensto placesin S° S.



Prop osition 25. Let = (S;T;W;My) be a marked Petri net, let P S be
the slicing criterion and let " = (ST W%MQ) ber-slice( ;P). Let bea
ring seuene of andlet M be a marking of

Mo[ i M) MJ[slice( )i slice(M)

Proof. We shown Proposition 25 by induction over the length | of . Let =
(S;T;W;Myp) beamarkedPetri net, a ring sequenceof andP S aslicing
criterion. Let " = (S%TAW%MQ) ber-slice( ;P).

| = 0: In this caseslice( ) equals". Thus the initial marking of and '
is generatedby ring ". By Def. 22 and Def. 8, MJ = Mgjso = slice(My).

' I+ 1 Let bea ring sequenceof length | and M, be a marking of
with Mo[ iM,. Let t;+; beatransition in T and M;; a marking of  sud that
Mi[ti+1iM41 . By the induction hypothesis, M J[slice( )iM? and slice(M,) =
M2. If tj41 is an elemen of TY, it follows by Lemma 24, that M2 enablest;; ,
since M, enablest;.; . By the state equation, the resulting marking M2, is
determined by M2, (i) = M2(i) + Gi1+1;8si 2 S°and M1 is determined by
M (1) = M (i) + ¢ 1+1;8s; 2 S. Sinceslice(M|) = Mjso = le, it thus follows
that slice(Mj+1) = M2,; . If ti+1 is an elemert of T nTY slice( ) = slice( tj+1)
and thus M {[slice( tj+1 )iM2. A transition t 2 T nT?cannot changethe token
court on any places 2 S® By Lemma 23 and the state equation, slice(M 41 ) =
slice(M)). t

A ring sequence ° of the net r-slice( ;P) is alsoa ring sequenceof
The markings resulting from ring %on and ', respectively, assignthe same
token court to placess 2 S°.

Prop osition 26. Let = (S;T;W;Mg) be a marked Petri netandletP S
be a slicing criterion. Let " = (SCT%WCEMQ) be r-slice( ;P). Let %be a
ring sequene of " and M°a marking of .

MY AMO )  9M 2 INIST: MO= slice(M) " Mo[ GM

Proof. The proof is by induction over the length | of ©,

| = 0: The empty ring sequencegeneratesthe marking Mg on  and the
marking M $, which is de ned asMgjso, on . By Def. 8 slice(Mg) = M gjso.

! I+1: Let °=ty:t;4 bea ring sequenceof ' with length | + 1. Let
MPand M%; be markings of " sudh that MJ[ti::tiM w1 iMS, . Let M; be
the marking of  with Mg[t,:::t)iM; and slice(M,) = Mlo, which existsaccording
to the induction hypothesis.By Lemma 24, M, enablest;.; .

The marking M., satises 8si 2 S : My (i) = M(i) + ¢ 1«1 and M5,
satises 8s; 2 S°: M2, (i) = MXi) + Gi+1. With Mjso = slice(M;) = M, it
follows that slice(M+1) is equalto M2, . t

3.2 LTL and Firing Sequences of r-slice

In the sequel,we will shaw that the sequenceof markings generatedby a ring
sequence on and the sequenceof markings generatedby slice( ) satisfy the
samelLTL -, formulas



Prop osition 27. Let = (S;T;W;Mg) be a marked Petri net and let be an
LTL -x formula suchthat scopd ) S.Let ' ber-slice( ;scopd )). Let be
a ring seuene of . Then,

M()F . M(slice( )) F

Proof. We show Proposition 27 by induction on the structure of . Let ' =
(SCTeAWCeMY). Let  be equal titots:: and slice( ) be © = t9t9t9:::. Let
M()= MMMz andM ( 9= MMM,
= true: In this casenothing needsto be shoNn
= = 1™ 3 Sincethe satis abilit y of dependson the initial
marklng of scope{ ) only and scopé ) S° S, both directions hold.
= U 2 WeassumeM ( 9 F U ,. We candivide up ©suc that
0= 2 9 with Mjongjogjﬂ:::j: 2and 8i; 0 i<j Y :MME FE 1
There are transition sequences ; and , such that = 1 2, slice( 1) =
9, slice( 2) = 9 and ; doesnot end with a transiton t 2 T nTC By
Proposition 25 it follows that M o; = slice(M; ;). Since M2 ngjO o1 T 2,
M; iM; e " F 2 by the induction hypothesis. Let %be a pre x of ; suc
that j% < | 1j. Let 98 be slice(%. The ring sequence%truncates at least
one transition t 2 T consequetly j% < j 9j. Since M3aM e, i F 1,
M;yMiu+1 o F 1 by the induction hypothesis.
Analogously, it canbeshovnthat M ( ) F U ,impliesM ( 9 F 1U .
u

This result cannot be generalisedto LTL formulas. Considerthe Petri net ; of
Fig. 2. For the ring sequence ; = t1t4t5t3 of , the formula ; = XX Xs5
holds, but does not hold for the ring sequenceslice( ;) = t4t5t3. The ring
sequence J = t4t5satises , = X X s5, but the ring sequence ; = t1t0t4t5
with slice( ») = 9 doesnot satisfy ».

3.3 Verication and Falsication

In this section we presert the main results for r-slice. Although r-slice( ;P)
may be substartially smaller than b-slice( ;P), aswe will seein Sect. 4, we get
the sametheoremsasin Sect. 2.3.

Prop osition 28. Let = (S;T;W;Mg) be a marked Petri net and ' the
r-slice( ;P) for slicing criterion P S. Let %be a maximal ring seguen of
r

Ois a slice-fair ring seguene of

Proof. Let %= tjt,:::. Let M2 be the marking of © sudh that M qti+1 iM%, ,
8i; 0 i< j Y. By Proposition 26, %is a ring sequenceof .Let M; be the
marking of , sudh that M;[ti+1 iM+1;8i; 0 i<j 9.Incase %is nite, Mjoo]
does not enable any transitions t°2 T2 By Lemma 24, M; o doesnot enable
any transitions t°2 TOeither. If %is innite it obviously res in nitely often a
transition t°2 TC%and thus is slice-fair.



Prop osition 29. Let = (S;T;W;Mg) be a marked Petri net. Let " =
(SEToAWCEMQ) ber-slice( ;P) for slicing criterion P S. Let be a slice-fair
ring seguene of

slice( ) is a maximal ring sequen@ of '.

Proof. Let be equaltitots::: with Mi[ti+1iMi+1;8i; O i< j j. By Proposi-
tion 25, slice( ) is a ring sequenceof . Let slice( ) be ©= t9t9t3::: with
MIt%,iME,;8i; 0 i< j 9. Letusassume %isnot amaximal ring sequence
of ". Thus %is nite and there is a transition t°in T with Mjooj[tQ. Let ;
be the smallest pre x of sud that slice( 1) equals ° By Proposition 25,
slice(M; ,;) = M. By Lemma 24, M [t% implies that M; ;[t9. After ring
1, doesnot re any transitions of T% By Lemma 23 and the state equation
it follows, that slice(M; ,;) = slice(M; ,j+1) = . So t® stays enabled for all
markings Mj with j 1j j j jbutis red nitely many times only. This is a
contradiction to the assumptionthat is slice-fair.

It is sucient to examine whether r-slice( ;scopd )) models a formula
by interleavings semartics to derive whether a slice-fair  satis es

Theorem 30. Let = (S;T;W;Mg) be a marked Petri net. Let " be the
r-slice( ;scopd€ )). Let beanLTL formula with scopd ) S.

F  slice-fairly ) "E , for an LTL formula

F slicefairly ( "E , for an LTL-4 formula

Proof. We rst shov \ [  slice-fairly ) " E " Let us assumethat
F  slice-fairly holds. Let °be a maximal ring sequenceof '. Since Cis
a slice-fair ring sequenceof by Proposition 28, M ( 9
Let usnow assume " F . Let be aslice-fair ring sequenceof . By
Proposition 29, slice( ) is a maximal ring sequenceof ' and thus satis es
By Proposition 27, it followsthat satises . ti

Prop osition 31. Let = (S;T;W;Mg) be a marked Petri net and ' the
r-slice( ;P) for slicing criterion P S. Let ¢ be a maximal ring sejuen@
of .

Thereis amaximal ring sequen® n, of that starts with 2, and for which
slice( m) = § holds.

Proof. Let "= (S%T%W®%MJ). By Proposition 26, ¢, isalsoa ring sequence
of . First, let usassumethat 2 is nite. Let ., beamaximal ring sequence
of with = O where 2T [ T'.Let ©be the transition sequence
with 0= slice( ) or equivalently ©°= 2 slice( ). By Proposition 25, °is
a ring sequenceof . Since J, is maximal, it follows that slice( ) = ", i.e.
2(TnTY [ (TnTY' .In case Yisinnite, Yisinnite ring sequenceof
by Proposition 26. t

If we cannot assumeslice-fairnessfor , falsi cation by r-slice( ;scopd ))
is still possible.



Theorem 32. Let = (S;T;W;Mg) be a marked Petri net. Let ' be the
r-slice( ;scopé )). Let beanLTL formula with scopg ) S.

F ) 'F
Proof. The proof is by induction on the structure of . Let = (N;Mg) =
(SiT;W;Mg) and "= (N&MQ) = (SSTAWEMQ).
For =true; =: ; = 1™ ,and = U ,, letusassume, F
holds. Let 2 = t%t9::: be a maximal ring sequenceof " and M ( 2) =

MMM Let | = titp:: be a maximal ring sequenceof  sud that
slice( m)= 9 andM ( ) = MoMM,:::. Sucha n, existsaccordingto Propo-
sition 31. By Proposition 27, MM %:: = follows.

Toshov F X ) "F X ,letusassume " 6 X . Hencethere
is a maximal ring sequence ° = t9t9:: with M ( 9 = MM sud that
MIM2:: 8 . By Proposition 31, there is a maximal ring sequence of that
starts with % and slice( ) = © Hencethere is a marking M1 of  sud that
Mo[t2iM; and slice(M1) = M by Proposition 26. By the induction hypothesis,
it follows from (N%MJ) & that (N;M;) 6 , hence 6 X . t

For an example showing that \ " ) F " doesnot hold, consider
Fig. 2. , doesnot satisfy 3 s5, becauseof ring sequencedike t1t0t1t0::. Its
r-slice( »;fsbg) doessatisfy 3 s5.

4 Example

As an example application of our re ned slicing algorithm we consider a Petri
net modelling the daily routine of two employeesand their boss.They all have
four basic states: They are at home, in their respective o ces, on break or at
a meeting. The bossstarts his working day in his o ce. Before he goeson a
break, he may schedule a meeting. After the break he either goeshomedirectly,
if no meeting is scheduled, or attends the meeting and then goeshome. The net
modelling his daily routine is presened in Fig. 3. Place B1 denotes\b ossis at
home", B2 \b ossis in his o ce", B3 \bossis on break" and B4 \b ossis in a
meeting". A token on the place M means,that the bosssceduled a meeting, a
tokenon N M, that he did not schedule a meeting.

The employeeshave to wait at home, until the bossis in his oce to let
them in. They take a break beforethey either go to a meeting, given a meeting
is scheduled, or go home directly. They always go home after their bossdoes.
Figure 4 shows the full net modelling the daily routine of the bossand his two
employees.The placesof the two employee-subnetsare namedin analogyto the
net in Fig. 3.

We want to verify that every time the boss does not schedule a meeting,
he will be at home evertually. To put it formally, we are interested in whether

3F 2(NM ) 3B1). The b-slice of 3 for any slicing-criterion would be 3,
sinceit is strongly connected.We build the r-slice of 3 for the slicing criterion
fN M ;B1lg. The algorithm of Def. 22 generatesthe slice shown in Fig. 3. 3 is
approximated by a net leaving out all of the employees'nets. Studying the real
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Fig. 3. Net modelling the boss'sdaily routine
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Fig. 4. 3, the full net modelling two employeesand their boss



system, i.e. the bossand his employees,we concludethat we can assumeslice-
fairnessfor  with respectto r-slice( 3;fNM;B1g). From the initial marking
of 3 80 states (=markings) via 168 state transitions are reachable, whereas
r-slice( 3;fNM;B1g) has 5 reachable markings via 6 state transitions. This
holds despite the fact that 3 is strongly connected.

As an example of falsi cation by a slice, we want to falsify that, every time
the bossdoes not schedule a meeting, employee A will be at home evertually,
i.,e. 3= 2(NM ) 3A1). Property 3 is violated when employeeA is at work
and the boss does not schedule a meeting and then everytime the boss goes
home, he goeshbadk to work before emplayee A wert home. Figure 5 shows the
r-slice( 3;fNM;Alg). The reachability graph consistsof 20 states and 33 state
transitions.

Fig. 5. r-slice( 3;fNM;Alg)

Whether or not the algorithm is able to reducethe net size dependson the
structure of the net and the position of the slicing criterion within the net. The
slice will be smaller, if the original net  is composableinto two subnets ©
and sud that the slicing criterion is in a subnet ©, which is not written by

%ie. %nhasnot any input placesof a non-readingtransition t, whoseoutput
placesarein °

5 Related Work

There are seweral groupsworking on slicing and on slicing asa method to tackle
the state-explosionproblem for model-cheding in particular. For program slicing
Dwyer and Hatcli  show in [12]that a program P and its program slice P ° either
both satisfy or both do not satisfy given the set of atomic propositions of
an LTL -, formula is the slicing criterion.



Cone-of-in uence reduction [13], a similar technique usedin hardware veri-
cation, constructs a reduced model P° for the set of atomic propositions of a
formula and guaranteesthat the reduced model P° satises if and only if
the original model P satis es

In [6] Bruckner developsa technique for slicing CSP-OZ speci cations. Breck-
ner and Wehrheim show in [7] the correctnessof their approadh to slicing Object-
Z speci cations.

6 Conclusions and Future Work

This paper introduces Petri net slicing to reduce the size of a net in order to
alleviate the state explosion problem for model chedking Petri nets. As a rst
approach we de ne a basic slicing algorithm basedon the obsenations that the
token count of a place p is determined by the rings of transitions connected
with p and these are determined by the token count of their input places.This
leadsto the de nition of b-slice( ;P), which allows falsi cation and veri cation
given s slice-fair. The re ned algorithm is based on the obsenation that
the token count of p is not in uenced by reading transitions. The r-slice also
allows falsi cation and veri cation if is slice-fair, but is additionally able
to reduce strongly connectednets. Our approacd is quite generalby imposing
no restrictions on the LTL or LTL -, formula and little restrictions on the net
in terms of fairness assumptions. Nevertheless,our results show that slicing is
a technique that can help to alleviate the state explosion problem for model
cheding Petri nets.

The implementation of the algorithms presenied hereis planned. We are in-
vestigating two ideasfor the developmert of algorithms that allow for more ag-
gressie slicing. One approacd could be the generalisationof reading transitions
under stronger fairness assumptionsto reading subnets that may temporarily
remove tokens. An other approac could be to nd restrictions on the net that
allow to identify subnetsthat play the role of data and corntrol o w, sothat the
conceptof relevant variables, asde ned in [1], is applicable.
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